Abstract-In the paper, an extension of LaSalle's Invariance Principle to a class of switched linear systems is studied. One of the motivations is the consensus problem in multi-agent systems. Unlike most existing results in which each switching mode in the system needs to be asymptotically stable, this paper allows that the switching modes are only Lyapunov stable. Under certain ergodicity assumptions, an extension of LaSalle's Invariance Principle for global asymptotic stability is obtained. Then it is used to solve the consensus reaching problem of certain multi-agent systems in which each agent is modeled by a double integrator, and the associated interaction graph is switching and is assumed to be only jointly connected.
We use '(x0; t) for the solution of (1) with a fixed switching law and initial condition '(0) = x 0 . For determining the stability of system (1), it is very natural for us to search for a common quadratic Lyapunov function (CQLF), V (x) = x T P x, where P > 0 is a positive definite matrix, such that P A + A T P < 0; 8 2 3:
Finding a CQLF is an interesting and challenging problem. There is a large amount of literature concerning it, e.g., [3] , [6] , [10] and the references therein. It is worth mentioning that it was shown in [7] that the existence of a common quadratic Lyapunov function is only a sufficient condition for switched linear systems to be asymptotically stable.
The method of multiple Lyapunov functions is also a useful tool for stability analysis of switched systems. In comparison to a common Lyapunov function, it allows each switching mode to have its own Lyapunov function [2] .
When the total derivative of the candidate Lyapunov function with respect to each mode is only non-positive, the function is called a weak Lyapunov function [1] . In order to solve the stability problem in such a case, several extensions of LaSalle's invariance principle for hybrid systems have been investigated. For instance, [4] developed two principles, which characterize asymptotic convergence of bounded hybrid trajectories to weakly invariant sets. In [5] , an invariance principle was developed for left-continuous dynamic systems. As a special case of this result, new invariant set stability theorems were established for nonlinear impulsive dynamic systems. In [8] , distinct regularity assumptions on the class of switching signals are placed. Depending on the structural assumptions, either asymptotic stability or simple convergence to an invariant set is concluded. Then the results are extended to nonlinear systems [9] . A more traditional style extension of LaSalle's invariance principle, which emphasizes on set attraction, is proposed in [1] . Under the assumption that the switching signals have a positive average dwell-time, another extension of LaSalle's invariance principle for switched nonlinear systems and criteria for asymptotic stability are obtained in [11] . It has been pointed out that [1] , [8] certain restriction on the switching signals is necessary for extending LaSalle's invariance principle. A switched system is said to have a non-vanishing dwell time, if there exists a positive time period 0 > 0, such that the switching instances f k j k = 1; 2; . . .g satisfy inf k ( k+1 0 k ) 0:
Throughout this paper we assume that
A1
Admissible switching signals have a dwell time 0 > 0.
The following is a multi-Lyapunov function approach to LaSalle's invariance principle for switched linear systems.
Proposition 1: [8] Consider system (1). Suppose that there exists a set fP j 2 3g of n2n symmetric positive definite matrices and a set of n 2 m matrices fC j 2 3g such that at each switching moment
we have
and P A + A T P 0C T C ; 8 2 3:
Then (1) In recent years, the study of consensus of multiple agents has attracted much attention, see for example [14] [15] [16] [17] [18] and the references therein. For many typical models of multi-agent systems adopted in the literature, it appears that when local information is used the closed-loop switching modes can only be Lyapunov stable. This makes it impossible to use the existing extensions of LaSalle's invariance principle to solve the consensus problem for such a system, and partially motivates our study. Later on, one sees that the ergodicity assumption we will pose is satisfied if the interaction graphs of the multi-agent system are jointly connected.
The rest of the paper is organized as follows: Section II introduces a new kind of weak Lyapunov functions, the so-called common joint quadratic Lyapunov function (CJQLF). In Section III an extension of LaSalle's invariance principle is proposed. Section IV is the application of the result obtained in Section III to the consensus problem of multiagent systems. Section V is the conclusion.
II. JOINT QUADRATIC LYAPUNOV FUNCTION
In this section, we propose a new concept, called the joint quadratic Lyapunov function. By using it we will develop an extension of LaSalle's invariance principle for system (1).
0018-9286/$25.00 © 2008 IEEE Since we only require each mode to be Lyapunov stable, in addition to A1, we need to assume certain ergodicity property for the switching signal.
A2. There exists a T > 0, such that for any t0 0, the switching signal (t) satisfies ft j (t) = g [t 0 ; t 0 + T ] 6 = ;; 8 2 3:
Remark: If both A1 and A2 hold, then there exists T > 0 (replacing the original T of A2 by T + 0 ) such that ft j (t) = g [t0; t0 + T ] 0; 8 2 3; t0 0 (7) where j 1 j denotes the Lebesgue measure. (1) is called a common joint quadratic Lyapunov function (CJQLF) if
Remark: It is easy to show that for system (1), if there exists a CWQLF P > 0, then P is a CJQLF if and only if i23 Zi = f0g; (10) where Zi is the kernel of Qi, i 2 3:
Now, a fundamental question is: under the assumptions of A1 and A2, is the existence of a CJQLF sufficient for assuring the global asymptotical stability?
Unfortunately, the answer is negative and the following is a counter example:
1) Example 1: Consider a switched linear system
with a right continuous piecewise constant switching law (t) :
[0; +1) ! 3 = f1; 2; 3g: Let (11) is not asymptotically stable under the above switching law if we take the initial value x(0) = (0; 1; 0) T 2 Z 1 . Indeed, the trajectory is a closed loop with kx(t)k 1 for all t 0.
Therefore, in addition to A1, A2, and the existence of CJQLF, some additional conditions may be needed to assure that the system is globally asymptotically stable, which will be discussed in Section III.
Before ending this section, we give a brief discussion on attractive sets. (1) converges to M .
III. LASALLE'S INVARIANCE PRINCIPLE FOR A CLASS OF A i
In this section, we impose certain constraints on system (1), or more precisely, on fAig. We begin with the following observation.
Lemma 1: For system (1) if there exists a CWQLF, then for each i, A i is Lyapunov stable, which implies that A i can only have eigenvalues with non-positive real part. Moreover, the algebraic multiplicity of each eigenvalue on the imaginary axis is equal to its geometric multiplicity.
Definition 3: Assume P is a CWQLF for system (1) . Set z = P 1=2 x. Then z is called the normal coordinate frame.
Remark: A straightforward computation shows that under the normal coordinate frame P , Ai and Qi, denoted byP ,Ãi andQi respectively, becomẽ P = I n ;Ã i = P 1=2 A i P 01=2 Qi = P 01=2 QiP 01=2 ; i 2 3: (12) It is worthwhile noting that since P is identity now, the Lyapunov function becomes kzk 2 .
In the following discussion we use only the normal coordinate frame unless otherwise stated. To avoid notational mess, instead of z, we still use x. We need some preparations first. where A is Lyapunov stable. Denote K = ker(A), and let y 2 K. Then for any R > 0, there exists r > 0, such that if kx 0 0yk < r then k'(x 0 ; t) 0 y)k < R; t 0:
Proof: It is easy to see that any y 2 K is a stable equilibrium of (13), thus the conclusion follows. In particular we can choose r = R=L, where L = max t0 e At < +1. Then kx(t) 0 yk = ke At (x0 0 y)k Lkx0 0 yk < Lr = R t 0: Now we are ready to present our main result.
Theorem 1: Consider system (1). Assume A1 and A2 hold, and there exists a CJQLF such that A3 holds. Then system (1) is globally asymptotically stable.
Proof: Choosing x0 2 n and let x(t) = '(x0; t) be any trajectory of system (1) under the normal coordinate frame and with certain switch . Since k'(x 0 ; t)k is non-increasing monotonically, the Lyapunov stability is obvious. Moreover
Thus we only need to show c = 0. We will prove this by contradiction. Assume c > 0. Since x(t) is bounded, then there exists an infinite sequence ft k g such that x k := x(t k ) ! y as k ! 1
where kyk = c > 0. Now since y is a point in the !-limit set (see [1] 
and let x(t0) 2 BR (y) B R (y). Then (24) yields kx(t0 + )k < kyk + R1 0 2(kyk + R) kyk (26) i.e., kx(t 0 + )k < kyk, which is a contradiction because kyk = c is the lower bound of kx(t)k.
Finally, we have to show that for R1 given by (25), the required t0 in the previous assumption exists. Since y belongs to the !-limit set, for any r > 0 there exists t 3 such that x(t 3 ) 2 B r (y). Using the remark after Lemma 3 together with Assumption A3, we can find 0 < r < R1 such that when x(t 3 ) 2 B r (y) and only some modes i 2 I are active, we have '(x 0 ; t) 2 B R (y); t 3 t t 3 + T: (27) Recalling Assumption A2, a j 2 J mode will become active at some moment t 0 2 [t 3 ; t 3 + T ] and by (27) we know that the trajectory '(x 0 ; t) (t 3 t t 0 ) remains in B R (y) B R (y).
In general, it is not straightforward to verify A3. We thus give a sufficient condition here. 
IV. CONSENSUS OF LEADER FOLLOWING MULTI-AGENT SYSTEMS
In this section, we study the consensus problem of multi-agent systems with variable interaction topology by applying the results from the previous sections.
In order to apply our results to the multi-agent consensus problem we need to modify (in fact weaken) Assumption A2 to the following. In fact (28) and (29) are equivalent. Equation (28))(29) In coordination problems for multiple agents, tools from the algebraic graph theory are used frequently (referring to [13] , [19] for the details).
We consider a system consisting of n agents and a leader which is denoted by a graph G. It contains n agents (related to an undirected graph G) and a leader (labeled by 0) with directed edges from some agents to the leader. The set of neighbors of vertex i at time t is denoted by Ni(t) = fj 2 V : (i; j) 2 E; j 6 = ig, where V = f1; 2; . . . ; ng and E = f(i; j) : i; j 2 Vg V 2V are the sets of vertices and edges of graph G, respectively.
A subgraph X of G is an induced subgraph if two vertices of V(X) are adjacent in X if and only if they are adjacent in G. An induced subgraph of G that is maximal, subject to being connected, is called a component of G. "The graph G is connected" means that at least one agent in each component of G is connected to the leader. The union graph of a collection of graphs f G1; G2; . . . ; Gmg, with the same vertex set V, is defined as a graph, denoted by G, with vertex set V and edge set equaling the union of the edge sets of all the graphs in the collection. In this paper, we consider the following double integrator system of n agents:
where q i ; p i ; u i 2 , i = 1; 2; . . . ; n; denote the position (or angle), velocity (or angular velocity) and control input of agent i, respectively.
There does not seem to exist an obvious way to adopt the matrix analysis method used in [15] directly to the second order dynamics. Thus we will use instead the LaSalle's invariance principle approach to solve the consensus problem. In this paper we consider the consensus problem for leader-following multi-agent systems.
The dynamics of the leader is expressed as follows:
where p 0 2 is the desired constant velocity known to all agents.
Our control aim is that all the agents follow the leader asymptotically and the desired velocity of all the agents converges to p0, namely, qi ! q 0 , p i ! p 0 as t ! 1.
We use the following neighbor-based feedback control law: With (30) and (33), the closed-loop system for the followers can be expressed as: 
V. CONCLUSION
By introducing the common joint quadratic Lyapunov function an extension of LaSalle's invariance principle was obtained in this paper. Unlike the traditional extensions, our results did not require each switching mode being asymptotically stable, while certain ergodicity restrictions were imposed on the switching signals. Based on the stability result, a consensus problem of multi-agent systems with variable interaction topology was studied. With a neighbor-based feedback control rule for each agent, we proved that a leader-following multi-agent system of two dimensional dynamics for each agent can achieve consensus asymptotically under the assumption that the collection of the interaction graphs is jointly connected.
